In this work, the two-photon-exchange (TPE) effects in the unpolarized µp scatter- 
In the literature, many methods have been applied to estimate the TPE effects in the ep and µp scattering, for example, the hadronic model [14] [15] [16] [17] [18] , GPD method [19, 20] , phenomenological parametrizations [21, 22] , dispersion relation approach [23] [24] [25] [26] [27] , pQCD calculations [28, 29] and SCEF method [30] . Among these methods, the hadronic model is usually used at the small and medium momentum transfer. By this method, the TPE contribution in the µp scattering from the intermediate N was estimated in Ref. [17, 18] , and recently the contribution from the σ meson exchange in the t-channel was also discussed in [31] . In this work, we give an estimation of the TPE effects in the µp system from the intermediate state ∆, and the contributions from the N and the σ intermediate states are also discussed. And furthermore, we give a naive formula to express these contributions, which can be used directly for other analysis. In Sec.II, we
give a brief introduction of the model, in Set. III, we list the input parameters we used, in Sec IV we present the numerical results and at last we give a discussion and a short summary. 
with p 1 , p 3 the momentums of the incoming and outgoing muons, p 2 , p 4 the momentums of the incoming and outgoing protons, m µ , m N the masses of muon and proton, e = −|e|, The TPE amplitude in the µp scattering generally can be expressed as
where L µν µp is the amplitude for the double virtual Compoton scattering of muon which can be written down explicitly, and H µp,µν is the amplitude for the double virtual Compton scattering of proton. Due to the non-perturbative properties of QCD, the explicit expression for H µp,µν in all the kinematical region is unknown. In the very low momentum
region, this amplitude can be estimated by the chiral perturbative theory, and in the deep virtual region, it can be estimated by the GPD, pQCD or SCEF methods. In the medium momentum transfer region, the estimation based on the hadronic level has to be applied.
At hadronic level, we separate the contributions to the double virtual Compton scattering into four kinds as the s-channel, u-channel, t-channel and the other contributions.
In this work, we limit our discussion in the former three kinds of contributions, and in the s-and u-channels, we only considered the N and the ∆ intermediate states, and in the t-channel, we only consider the σ meson exchange.
A. TPE contributions from N, ∆ intermediate states in s, u-channels At hadronic level, the diagrams for the TPE amplitudes in the s-and u -channels of the µp scattering are showed as Fig.2 , where the intermediate states are proton and ∆. In our estimation, we take the corresponding effective vertexes as
with q, p the momentums of the incoming photon and proton or ∆, m ∆ the mass of ∆ and F 1,2 , F
(1,2,3) ∆ the corresponding form factors.
By these effective vertexes, the corresponding amplitudes in Feynman gauge can be written down explicitly as
with
B. TPE contribution from σ intermediate state in t-channel
The meason exchange effect in the lepton proton scattering was studied firstly in the ep scattering case in Ref. [32] , where it was pointed out that by the current precise experimental data sets at Q 2 ≡ −q 2 ∼ 2.5GeV 2 [33] [34] [35] , the contribution from the 2 ++ meson exchange should be considered. In the ep scattering case, when Q 2 ≫ m 2 e and the approximation m e = 0 is taken, the contributions from the 0 −+ and 0 ++ mesons exchange are zero due to the zero mass m e . While in the µp system, these contributions maybe play their roles. The contribution from the 0 −+ meson (pion) in the Lamb shift of the µp system has been discussed in Ref. [11, 12] and is found to be very small due to the chiral anomaly. And recently the contributions from the σ meson in the µp scattering and the µp bound state were discussed in Ref. [31] and Ref. [36] . In Ref. [31] , the contribution from the σ meson exchange is calculated based on the direct effective coupling of σγγ with a coupling constant g σγγ (for real photon case). And such q 2 σ independent effective coupling constant g σγγ (where q σ is the four momentum of σ) is determined from the decay width Γ σ→2γ . This is not a good way due to two reasons: (1) the sign of the effective coupling g σγγ can not be determined just from the decay width Γ σ→2γ , (2) the effective coupling g σγγ in the space like is very different with that in the time like region, for example, it is real in the space like region while it is complex in the time like region when q
In Ref. [36] , the contribution from the σ meson exchange is estimated from the σππ and σNN couplings by the loop effects where the q 2 σ dependence of the effective coupling is included. In this work, we follow the method used in Ref. [36] and take the following effective vertexes to estimate the TPE contribution in the µp scattering due to the σ meson exchange,
where 
By these effective interactions, the corresponding TPE amplitudes can be written down from the diagrams showed in Fig. 3 and Fig. 4 ,
where j = (e, f, g, h, i), m σ is the mass of σ meson and and in Feynman gauge,
where m π is the mass of pion, q 1,2,3 and k 1,2 are the corresponding momentums of the photons, pions and protons showed in the corresponding diagrams of Fig. 3 and Fig. 4 .
For comparison, we also define the following effective couplings,
and these effective couplings g σµµ can be compared directly with the f s defined in Ref. [31] .
III. THE INPUT PARAMETERS
where the parameters n i and d i for the F 1 and F 2 form factors of the proton can be found in Table I of Ref. [16] . Comparing with the calculation in Ref. [17, 18] , the choice of the form factors is improved.
The ∆ form factors are taken as that used in Ref. [37] ,
with Λ 1 = 0.84 GeV, Λ 2 = 2 GeV, Λ 3 = √ 2 GeV, Λ 4 = 0.2 GeV, a = −0.3. And the other parameters are taken as (g 1 , g 2 , g 3 ) = (6.59, 9.08, 7.12). The detail of such choice can be found in Ref. [37] .
B. Input parameters for σ intermediate state in t-channel
For the form factor of pion, we simplify take it as F π (q 2 ) = −Λ 2 /(q 2 − Λ 2 ) with Λ = 0.77GeV [38] , for F N for simplify we also take
For g σN N and m σ , their values can be found in many literatures on the nucleon-nucleon potential, and we list some of these [39] [40] [41] [42] in the Tab. I, where we see there is about 20% difference between the values for g σN N and m σ . For simplicity, we take the values in Ref. [39] for our estimation. We also want to point out that the value of m σ can be different with the pole mass of σ, and it should be understood as the effective or running mass of σ in the t-channel.
For g σππ , we take its form as g σππ (Q 2 ) = g σππ
σ +Q 2 and match g σππ (0) with BχPT [10] 
−1 , which gives g σππ = 6.14 GeV.
Ref. [39] (Tab.5) 0.550 10.20
294
Ref. [40] 0.650 12.78
282
Ref. [41] 0.5325 10.581
Ref. [42] 0.65 13.85 
IV. NUMERICAL RESULTS
We use the package FeynCalc [43] to deal with the analytical part of the calculation, use
LoopTools [44] to do the numerical integration for one loop diagrams and use FIESTA4
[45] to do the numerical integration for the two-loop diagrams.
A. Numerical results for TPE corrections from N intermediate state
Using the expression of the amplitudes, we can get the corresponding cross sections directly as
where C µp is a global factor related with the phase space, M
IR,µp refers to the IR part of the amplitudes separated by the Mao and Tsai's method [46] 
IR,µp is the corresponding correction to the cross section and its explicit expressions can be found in Ref. [14] .
The numerical results for δ (N ) µp vs. Q at fixed k i are present in Fig. 5(a) where k i is the magnitude of the three momentum of the initial muon in the Lab frame. Here we use Q but not Q 2 as x-coordinate due to the advantage in the following fitting. Also we should note that when the k i is fixed, there is a maximum value for the Q. Furthermore, we fit the TPE corrections δ (N ) µp at the small k i and Q by the following naive formula,
The numerical results for the fitted parameters are listed in Tab Fig. 5(b) we also present the numerical results using the form factors Eq. (18) of Ref. [18] as input. Our numerical results are same with that given in Ref. [18] when ǫ < 1, while we find there is a minus difference when ǫ > 1, where the definition of ǫ can be found in Ref. [18] .
And for comparison, in

B. Numerical results for TPE corrections from ∆ intermediate state
Similar with the N case, we define
The numerical results for the δ
µp are presented in Fig. 6 . 
C. Numerical results for TPE corrections from σ intermediate state in t-channel
To discuss the TPE corrections from the σ meson exchange, we define
The numerical results for δ by Eq. (19) and that by Eq. (22) of Ref. [31] .
Different with the N, ∆ cases, the dependence of the TPE corrections from the σ meson exchange on the effective coupling g do not fit the dependence of δ σµµ at the small Q as,
and we take c from Ref. [36] where the function SDExpandAsy in FIESTA is used to calculate, and fit c To compare with the effective coupling f s defined in Ref. [31] , we also present the Q [31] and ppm refers to 10 −6 .
D. Discussion and Summary
The numerical results presented in , the general property of our results and those in Ref. [31] is similar when k i = 0.115, 0.158, 0.21 GeV. For the effective coupling g σµµ we can find that at the small Q 2 our results are similar with the results showed in Fig.4 of Ref. [31] , while at Q 2 = 0.16 GeV 2 , we can find that our results are only about an half of that given in Ref. [31] (shaded region). In other words, g σµµ decreases much quickly in our method than that estimated in Ref. [31] .
In summary, in this work, the TPE corrections to the unpolarized µp scattering due to 
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